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RL Framework
B MARKOV DECISION PROCESSES (MDPs)

reward 7, state sy action a;
DSt
3 Environment ]<—
T
Goal Direct policy search
maxjrmize Es, [V™(s0)] = T — 7+ VYV, VT

7w — a policy that maps states to actions

V7 (sp) := E[sum of all rewards received ]



Policy optimization
Policy: r: S (states) — A4 (action distribution)

Value function: V7(p):=E Z Yr(se, ar) | so ~ p
t=0

P(-|s,a): S x A— Ay — transition kernel
s0,ap, 70, S1,01,... — a trajectory = generated by a policy 7
B NONCONVEX POLICY OPTIMIZATION
maximize V7™ (p)

» Search the decision in a function space



Policy parametrization

Policy: m(-|s): S — Ax
Parameter: ¢ c R?
B TABULAR POLICY
mo(als) = 605, w/ parameter § ¢ RIS/

B SOFTMAX POLICY

es,a
mo(als) = Zjeé)&“’ w/ parameter 6 € RIS/l
B LOG-LINEAR POLICY
66T¢s,a

m(als) = w/ feature ¢, € R?



Policy gradient methods
Policy: my(-]s): S — Aa

Parameter: 6 < R?

B NONCONVEX PARAMETER OPTIMIZATION

maxigmize V7™ (p)

B GRADIENT ASCENT

0t «— 0 + n VeV (p)

» Search the decision in a parameter space



B EUCLIDEAN DISTANCE

1
0" <+ argmax (VoV™(p),0 —0) — %Ha’—ew
9/

» Gradient ascent in Euclidean space



Trajectory distribution and state visitation distribution

B TRAJECTORY DISTRIBUTION

Pr(r|m) = p(so)m(ao|so)P(s1]|s0,a0)m(a1|s1)P(s2]|s1,a1)---
Pr(st =S ‘ 7T) - Zso,ao,...,shmuq Pr(s()v @0y -« -5 St—1,0t—1,5t = | T‘P)

B STATE VISITATION DISTRIBUTION

[ee]
dy(s) = Z 'Pr(s; = s| )
B LINEAR FORM OF VALUE FUNCTION
- 1
VTi(p) = ﬁEmdz(-),awr(ws) [r(s,a)]



Policy gradient

B REINFORCE VERSION

VoV (p) = E, [ (Z vtrt> <Z Vo log mg(a | St)) ]
t=0

t=0
B STATE-ACTION VALUE VERSION

1

VeVTp) = 15

Es~d29(~),a~7re(~ |s) [Qﬂe (S, CL)V@ log 7T9(a ‘ 8)]

B ADVANTAGE VERSION

1

VeV™(p) = —

By dmo(amm(1s) [A™ (5,0)Vglogmg(als)]
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Stationary-point convergence

Nonconvex function: V7 (p)
Policy gradient: Vv,V ™ (p)

Gradient ascent: 6,1 = 0, + nVoV™:(p)

B SMOOTH VALUE FUNCTION

VeV (p) = VoV™ (p)]| < B0 — ']

x Lipschitz continuous gradient



Quadratic bound

B QUADRATIC UPPER BOUND

F(9) = §|]«9||2 — V™ (p) is a convex function
y
V() = VIV () — (Vv () (0 —0) < Do~ )

B QUADRATIC LOWER BOUND

V() ~ VI () (Vv (o) (0 —0) = Do)
—(VoV™ (p) — VoV (p)) " (0 — 0)
> oo



B QUADRATIC BOUND

V() =V ()~ (Vv (o) (00| < 2o -2

B TELESCOPING SUM

T 3
(Vev(t) (P)) (Brp1 — ) < VED () =V (p) + 75”915 — Opr ||?

+ Vanishing gradient of best-iterate
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Natural policy gradient

FH(0)VeV™ (p)
W FISHER INFORMATION MATRIX
Fy(®) = E, g0 Banr|s) vglogw@(a|s)(vglogw@(a|s)ﬂ

Vologmy(a|s) — Fisher score

dy(-) — stationary state distribution



B KL DIVERGENCE

1
0t arg;),aax (VoV™ (p), 8 —6) — ;DKL(WG’ | 7o)

wor(als)

D (mor [ 70) = E, gm0 ()0 mmy(-|s) [log m(a‘g)} — weighted KL divergence

» Quadratic approximation
Dy(mo | m9) & (VoD (mor || m0)lor =o) " (6/ = 0)

1
+ 5(9/ —0) "V Dr (o || mo)lor =060 — 6)
= LW 0RO )

» Gradient ascent in distribution space



Natural policy gradient methods

Policy: my(-]s): S — A

Parameter: 64 cR¢

B NONCONVEX PARAMETER OPTIMIZATION

maxiemize V7™ (p)

B NATURAL GRADIENT ASCENT
0t «— 6 + nF(0)VeV™(p)

» Search the decision in a parameter space

» Costly inverse of Fisher information matrix



Natural policy gradient

Natural policy gradient: 7,(0)" V,V™(p)

Fisher information: F,(0) =E [ Vg log mg (Vg log 779)T

gradient

atural gradient

30~ 0)TF,(0-0)

Steepest ascent in Fisher information distance



Natural policy gradient: multiplicative weights update

exp (& A’T"(s,a))
Z7™0(s)

T (als) = m(als)

Z70(s) ==Y qeamolal s)exp (5 A™(s,a)) — normalization constant

A™(s,a) = Q7 (s,a) — V™ (s) — advantage value function

B NATURAL POLICY GRADIENT

(L=NELOVV™(p) = FIOE, _ym00) gy ) [A™ (5,0)Vologmo(als)]

. - T 2
= argwmln E5~d§9(-),a~ﬂe(-|8) (A (s,a) —w' Vylogmg(a| s))



Summary
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B LOCAL CONVERGENCE ANALYSIS

Local best-iterate convergence

B NATURAL POLICY GRADIENT METHODS

Multiplicative weights update



