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Announcement

Check Canvas for Homework 1
Due on 9/17, 11:59pm
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Latent variable model

Data set Generation

- £

(:C’ Z) ~ p('? )

z — latent variable

B JOINT DISTRIBUTION DIFFERENCE MINIMIZATION

mi}rol(i.g;ize Dy (q(-,-) I p(-,-))



Evidence (likelihood) lower bound (ELBO)

_ B p(z,2)
ELBO : ELBO(p) :=E; () Erny(|a) [log a(z|z) ]

B LOWER BOUND
Ey g0 [logp(x)] > ELBO(p)

B JOINT KL DIVERGENCE

Dxi(q(,-) [Ip(+,-)) = —ELBO(p) + Ey g [logg(z)]



Sufficiency of ELBO maximization

Joint KL divergence minimization: ~ minimize Drr(q(-5-) [[p(5 )

Joint likelihood maximization: ~ maximize E.:)~q(.) [logp(z, 2)]
ELBO maximization: =~ maximize ELBO(p)

B CHAIN RULE FOR KL DIVERGENCE

minir%ize D (g, ) () = mir;)i(r_l)nize Dri(q() [ p(+))

p(>
]

maxi(r)nize E;~q() [logp(@)]
(-
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Variational autoencoder

x encoder >. >@—> T

q(z| ) p(z|z)

z — latent variable

B LATENT VARIABLES
» characters in images
» trajectory types in robotic trajectories

» functional groupings of protein sequences



Parametrization of ELBO

Encoder : ¢,(z|x) w/ parameter ¢
Decoder : py(x|z) w/ parameter ¢

B ELBO DECOMPOSITION

ELBO = E E

z~q()Fz~ag(- | )

= Epng)Bengy(1a)

= E E

e~ q()

p(2) ]
qs( | )
= Equ(~)Ez~q¢(~\$) [logPQ(ZE | Z)l - IEzrvq(-) [DKL(Q¢(' ‘ l‘)Hp())]

2~go(-a) | logpo(z | 2) + log

reconstruction prior matching



ELBO maximization

po(z | 2)p(2) ]

maximize E, ., \E,. (2 |log
q(-) %(l)[ q(z | )

p(z) =N (2;0,I) — Gaussian prior

B GAUSSIAN ENCODER

w(z12) = N (2p0(),03()1)

~ ‘observable’ latent

z = pg(x) + op(z)oe fore~ N(0,1)

Tractable distribution gradient



Hierarchical variational autoencoder

x encoder >. >@—> az

q(z| ) p(z|z)

z = z1.p — latent sequence
B MARKOVIAN LATENT STRUCTURE

q(zrr|z) = q(z1]z)q(22]21) ... qlor | 27-1)

q(z1 |
p(x|z1r) = pler)p(zr-1lzr)...p(7]21)

ELBO maximization for recursive VAE
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Diffusion model

data point xy — image, trajectory, video, protein
B ANALOGUE W/ VAE

= input and latent
r = wp and zip = =TT

= noiser (encoder)

Q($1;T|$0) = (J(ﬂh|$0)Q($2|$1)~-~(J($T|$T—1)

» denoiser (decoder)

p(xo | $1;T) = p(JJT)p(HJT—1 |$T) - ~p(330 | 331)



ELBO for diffusion model

p(zrr,z0) |
EIQN!}(-)EILTNq(-\xo) [log 7q(:1:1:T|x0) :| = TERM1 -+ TERM2 + TERMg

+ reconstruction
TERM; = EuEq, wo([a0) [P(20]71)]

= prior matching

TERM, = —E,, [Dk(q(zr|z0) | p(z7))]

= denoising matching

T

TERM3 = — Y EuoFo, ot oo) [ Drula(@ion |6, 20) || p(ae1 [ 20)) ]
t=2



B APPLICATION OF BAYES RULE

Q(xtfl \ T, wo)CI(%t | m0)
Q(Cﬂtfl |930)

(J(%t ’fl’tfl;ﬂfo) =

ELBO = E,FE log

z1.7 ~q(- | z0)

P(wl T7x0 ]
Q($1T!96’0)

o PIP(@0 o) T} o ple- um]

(371 ’370) Ht—2 Q(xt | Ti— 17960)

= E,E

z1.7 ~q(- | 20)

p(xr)p(xo | 21) p(xi—1 | z4)

= E$0E$1;T~q('|$0) log ————F— —{—Zl ]

wl‘xo $t|l’t 1,20)

= E,E

z1.7 ~q(-|z0)

p(xr)p(xo | 1) p(xe—1|xt)
I 1
o ger z0) * Z 8 G(@i_1 |20, 70)

ZU X
= BaoBaypng(|a0) 10gp($o|af1)+log Zl tl|t)]

$t 1 ’fﬂt,fﬂo)




ELBO for diffusion model

p(z1.7, T0)
Bao~ () Bayr ~ gl 20) [logm] = TERM; + TERM; + TERM;

* reconstruction
TERM; = EoEu (a0 [P(T0]21)]

= prior matching

TERM; = —E,, [Dk(q(zr |x0) | p(zr))]

= denoising matching

T
TERM3; = — Z EwoEs, ~ g 20) [ DrL(@(zi—1 |24, 20) || p(@0—1 [ 24)) ]

t=2

Difference between ground-truth denoiser and approximate denoiser?



Gaussian encoder

- e 5

data point zy — image, trajectory, video, protein

B REPARAMETERIZATION TRICK

gz |ze—1) = N(zgVouwe—1, (1 — o))
—_——— ——
e () i (zt)

¢
rr = Jari—1 ++V1—ae fore~N(0,1)



B REPETITION OF REPARAMETERIZATION TRICK

vy = Jogrio + 1 —oge
= Vag/ o 1ro + /1 — 1€ + /1 — e

t t
= HOéiCUO‘l‘ 1—Hoz,-e
i=1 i=1

= \/67,5:60 + \/1—@,56
& qlz|zo) ~ N Vamwo, (1 - a)l)

B APPLICATION OF BAYES RULE

q(xg | wi—1,20)q(Te—1 | 20)
q(zt| o)

Q($t71 |$t,$o) =



B GROUND-TRUTH DENOISER
(i1 |z, 20) = N(wi-15 pg(ae, 20), 05 (t)1)

* mean
Var(l —ay—1) " Va1 (1 —ay)

S T

% variance

Linear mean and constant variance



Denoising matching as mean estimation
T

TERM; = — > EuEq, <o a0 [Dril@(@et |z, 20) | p(zio1 | 21))]
t=2

= ground-truth denoiser
q(ze—1 | @, m0) = J\/(xt_l;uq(rt,xo),og(t)l)
~ approximate denoiser
po(wi1|z) = N (ze—v;po(ze,t),00(t)])

* MEAN SQUARE MINIMIZATION

miniemize Dy (q(xi—1 |z, x0) || po(xi—1 ] 21)) <= mini@mize | 11q (e, 20) — pg (e, t)||?



Denoising matching as ground truth prediction

x mean of ground-truth denoiser

() | o)
Tt To

Ha(@e; T0) = 1— oy 1— oy

x mean of approximate denoiser

Val =) a0

1—64t 1—Oét

/u()(xtvt) =

* MEAN SQUARE MINIMIZATION

minimize D (q(2¢-1]2¢,20) || po(e-12¢)) &  minimize [lzo — o (s, 1)
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Application of ELBO, recursive VAE

B VARIATIONAL DIFFUSION MODELS
ELBO maximization ~ Denoising matching



