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Dual representation of KL divergence

Di(a() Ip()) = sup Ey gy [f(2)] = 108 Eqp(y [/ ]

B UPPER BOUND

Dria() 19()) = Eyoyy [log]




B LOWER BOUND
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= rEp [ef(;y:)]

— an exponentially weighted distribution for any f
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ELBO maximization

. B p(z, 2)
ELBO : ELBO(p) :=Eprg()E:rg(|a) [log q(z ) ]

B EQUIVALENCE

maximize EBLO(p)
p(v)

(3
minimize Dru(q(--) Ip(+5-))
[
minimize maximize  E(; )., [f(z,2)] —log E(z.2)~p(-r) [ef(x,z)]

p(':') f(:)

Convex-concave minimax optimization
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Fenchel conjugate

F*(g) = sup (f,9) — F(f)
fer

* convexity

~ a special case W/ F = {f(z,2)}, g = ¢

DKL(Q('» ) H p('7 )) = Sup IE(ac,z) ~q(-y) [f(‘Ea Z)] —log E(xyz) ~p() [ef(:l:,z) }

IG5

=F0) = F(f)

KL divergence is a Fenchel conjugate function



Conjugate of conjugate function is itself

(F7)" = F
4
E(f) = (F)(f) = sup (f,9) = F"(9)

B KL DIVERGENCE REGULARIZATION

108 Ez,2) ~ (.. [ef(”)} = sup E(z2)~q() [f(2:2)] = Dula(, ) I p(5 )
=F(f) | =

Donsker and Varadhan’s variational formula

Fenchel conjugate of KL divergence = KL divergence regularization



Policy optimization

T (-]s) « argmax (Q7(s, ), 7 (-[s) = 7(-|5)) = Deu(x'(-|5)[I7(-]5))

™
m (-] 8) e (- | )@
» aspecial case w/ ¢ = 7', f = Q"
10gEy (- |s) [eQW(S’“)} = sup E,n()s)[Q7(s,0)] — D (7'(-]5) || 7(-|5))

(- s)
— F(Qﬂ) = F*(W/)

= KL divergence minimization

minimize Dy (mt(-|s) | 7' (-] 5))



Summary

B KL DIVERGENCE

B EVIDENCE LOWER BOUND

ELBO maximization = KL divergence minimization

B POLICY OPTIMIZATION

policy optimization = KL divergence minimization



