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LLM alignment framework

y ∼ π(· |x)

language
model

texttext

preference

sampletrain

finetune

preference – reward / human value



Single-objective RLHF

■ PARAMETER OPTIMIZATION

maximize
θ

Ex

[
Ey∼πθ(· |x)[ r(x, y) ]− β DKL(πθ(· |x) ∥πref(· |x))

]
β > 0 – tradeoff parameter

⋆ SFT policy πref

⋆ reward model r

Tractable, e.g., REINFORCE, DPO



LLM risks

■ MISINFORMATION

■ HALLUCINATION

■ VIOLENCE

example source: arXiv:2308.05374
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A real example

■ IMDB MOVIE REVIEW DATASET

image source: arXiv:2402.08925



Preference

SFT policy : πref(· |x): X → ∆Y

Response: y ∼ πref(· |x)

Preferences: y
(k)
1 ≻ y

(k)
0 |x for k = 1, . . . ,K

■ BRADLEY-TERRY MODEL

P(k)
(
y
(k)
1 ≻ y

(k)
0

∣∣x) =
er

(k)(x,y
(k)
1 )

er
(k)(x,y

(k)
1 ) + er

(k)(x,y
(k)
0 )

:= σ
(
r(k)(x, y

(k)
1 )− r(k)(x, y

(k)
0 )
)

σ(t) = 1/(1 + e−t)

Consistency between reward and preference



Reward training

Data set : D(k) = {x(k,i), y(k,i)1 , y
(k,i)
0 }Ni=1 for k = 1, . . . ,K

Reward model: rϕ(k)(x, y) w/ parameter ϕ(k) for k = 1, . . . ,K

■ LIKELIHOOD MAXIMIZATION

maximize
ϕ(k)

L(rϕ(k) ;D(k)) := E(x,y1,y0)∼D(k) [ logP(y1 ≻ y0 |x) ]

⋆ reward model is initialized by a SFT policy

Perfect reward represents preference



Multi-objective RLHF in parameter space

■ MULTI-OBJECTIVE PARAMETER OPTIMIZATION

maximize
θ

Ex

[
Ey∼πθ(· |x)

[
r(k)(x, y)

]
− β DKL(πθ(· |x) ∥πref(· |x))

]
︸ ︷︷ ︸

:= F (k)(θ)



K

k=1

r(k) = rϕ(k) – kth reward model

β > 0 – tradeoff parameter

⋆ Pareto solution θ⋆

¬ ∃ θ F (k)(θ) ≥ F (k)(θ⋆) for all k, and F (k′)(θ) > F (k′)(θ⋆) for some k′

Intractability of Pareto solution



Outline

■ RECAP

■ MULTI-OBJECTIVE ALIGNMENT

■ SCALARIZATION APPROACH



Scalarization approach

■ SINGLE-OBJECTIVE DISTRIBUTION OPTIMIZATION

maximize
θ

Ex

[
Ey∼πθ(· |x)

[
K∑

k=1

w(k)r(k)(x, y)

]
− β DKL(πθ(· |x) ∥πref(· |x))

]

r(k) = rϕ(k) – kth reward model

β > 0 – tradeoff parameter

⋆ linear scalarization weights w(k)

w(k) ≥ 0 for all k = 1, . . . ,K, and
K∑

k=1

w(k) = 1

Insufficiency for multi-objective non-convex optimization



Multi-objective RLHF in distribution space

■ MULTI-OBJECTIVE DISTRIBUTION OPTIMIZATION

maximize
π

Ex

[
Ey∼π(· |x)[ r

(k)(x, y) ]− β DKL(π(· |x) ∥πref(· |x))
]

︸ ︷︷ ︸
:= F (k)(π)



K

k=1

r(k) = rϕ(k) – kth reward model

β > 0 – tradeoff parameter

⋆ strictly convex F (k)(π)

Strictly convex multi-objective optimization



Scalarization approach

■ SINGLE-OBJECTIVE DISTRIBUTION OPTIMIZATION

maximize
π

Ex

[
Ey∼π(· |x)

[
K∑

k=1

w(k)r(k)(x, y)

]
− β DKL(π(· |x) ∥πref(· |x))

]

r(k) = rϕ(k) – kth reward model

β > 0 – tradeoff parameter

⋆ Pareto LLM policy π⋆

π⋆(y |x) = πref(y |x)e
∑K

k =1 w(k)r(k)(x,y)/β 1

Z(x)

Z(x) :=
∑

y′ πref(y
′ |x)e

∑K
k =1 w(k)r(k)(x,y′)/β – normalization constant

Sufficiency for multi-objective strictly convex optimization



Why it is interesting?

■ INDIVIDUAL DISTRIBUTION OPTIMIZATION

maximize
π

Ex

[
Ey∼π(· |x)

[
r(k)(x, y)

]
− β DKL(π(· |x) ∥πref(· |x))

]
r(k) = rϕ(k) – kth reward model

β > 0 – tradeoff parameter

⋆ optimal LLM policy π⋆
k

π⋆
k(y |x) = πref(y |x)er

(k)(x,y)/β 1

Zk(x)

Zk(x) :=
∑

y′ πref(y
′ |x)er(k)(x,y′)/β – normalization constant

Tractable, e.g., REINFORCE, DPO



■ DECOMPOSITION OF PARETO LLM POLICY

π⋆(y |x) = πref(y |x)e
∑K

k=1 w
(k)r(k)(x,y)/β 1

Z(x)

=

K∏
k=1

(
πref(y |x)er

(k)(x,y)/β 1

Z(x)

)w(k)

=

K∏
k=1

(
πref(y |x)er

(k)(x,y)/β 1

Zk(x)

Zk(x)

Z(x)

)w(k)

∝
K∏

k=1

(π⋆
k(y |x))

w(k)

Zk(x) ≈ Z(x) – uniform generation
⋆ linear combination

log π⋆(y |x) =

K∑
k=1

w(k) log π⋆
k(y |x)

Inference-time solution
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Minimax approach

■ SINGLE-OBJECTIVE DISTRIBUTION OPTIMIZATION

maximize
π

minimize
k

Ex,y∼π(· |x)

[
r(k)(x, y)

]
︸ ︷︷ ︸

discrete optimization

−β Ex [DKL(π(· |x) ∥πref(· |x)) ]

r(k) = rϕ(k) – kth reward model

β > 0 – tradeoff parameter

⋆ concave in π and discrete in k

Non-exchangeable of minimax order



Constrained RLHF in distribution space

■ CONSTRAINED DISTRIBUTION OPTIMIZATION

maximize
π, t

t− β Ex [DKL(π(· |x) ∥πref(· |x)) ]

subject to Ex,y∼π(· |x)

[
r(k)(x, y)

]
≥ t for k = 1, . . . K

β > 0 – tradeoff parameter

⋆ concave objective and linear constraints

Removal of discrete optimization



Lagrangian approach

L(π, t;λ) = t− β Ex [DKL(π(· |x) ∥πref(· |x)) ] +
k∑

k=1

λk

(
Ex,y∼π(· |x)[ r

(k)(x, y) ]− t
)

= Ex,y∼π(· |x)

[
k∑

k=1

λkr
(k)(x, y)

]
− β Ex [DKL(π(· |x) ∥πref(· |x)) ]

+

(
1−

k∑
k=1

λk

)
t

⋆ primal-dual update w/
∑K

k=1 λk = 1

π(t+ 1) ← argmaxπ L(π(t), ·;λ(t))

λ(k)(t+ 1) ← λ(k)(t) + ηEx,y∼π(t)(· | x)[ r
(k)(x, y) ] for k = 1, . . . ,K



Summary

■ RECAP

■ MULTI-OBJECTIVE ALIGNMENT

Pareto solution

■ SCALARIZATION APPROACH

Sufficiency for multi-objective RLHF, inference-time solution

■ MINIMAX APPROACH

Reduction to constrained RLHF


