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LLM alignment framework

y ~ n(-|x)
train language sample
model
finetune

/ preference /

preference — reward / human value




Preference
SFT policy :  me(-|2): X — Ay

Response: y ~ mi(- | 2)

Preference: 1y > yo|z

B BRADLEY-TERRY MODEL

eT(-T,yl)

P(yr = yo|z) = er(@y1) 4 er(@,0) = o(r(z,y) —r(z,y0))

o(t) = 1/(1 +¢7)

Consistency between reward and preference



A counterexample

Preference #1: 4 > yo |z

Preference #2: 1y, > y1 |z

B BRADLEY-TERRY MODEL
Ply1 =yolz) = o(r(z,y1) —r(z,0) >

P*(yo - y1|z) = o(r(z, ) —r(z,)) >

N = N =

o(t)=1/(1+e7")

= r(z,y1) > r(z,yo) contradicts r(z,yo) > r(z,y1)

Irrationality in human preference



Multi-objective idea

Preference #1: 1y, > yo |z

Preference #2: 1y, >~ y1 |z

B BRADLEY-TERRY MODEL
Pl(yl =yolw) = U(Tl(%yl) - 7"2(51%3/0))

PX(yo = yilz) = o(r?(z,y0) — (2, 31))
ot)=1/(1+e?)

rz,y) = w'rl(z,y) +w?ri(z,y)

Unknown decoupling of preferences
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General preference

Preference oracle: P(y; = vyo|2)

Likelihood maximum : P € argmax Ey,y, ~ .0 ~o.n | 108 Pt = 0 2)
P

H WINNING PROBABILITY OF A RESPONSE
Py =molz) = Eywro(|2) [Py1 = yo|z)]
B WINNING PROBABILITY OF A POLICY

P(mi = molz) = Ey wm(|2)yo~mol|z) [P1 = yo|z)]

win rate



Worst-case win rate

Win rate #1: P(m; = o)

Win rate #2: P(my = m)

P(Tx’l - ﬂ'()) =E, [P(Wl > T ‘ T)}

P(Tfo - ﬂ'l) =E, [P(Tfo > T ‘1)}

B ANTISYMMETRY
P(TFO - 7T1) = 1 *P(Tf’l I 71'0)

Maximizing Win rate #1 = minimizing Win rate #2



Two-player game

maximize minimize P(m > m)
T T

P(m = mp) = Ey [P(m1 = 7o | x)]
B BILINEAR GAME

P(m1 = m0) = EaBy wri(2),y0~mol-|2) [Py > y0|2)]

4

maximize minimize P(7; > mp) = minimize maximize P(m; > m)
T ™0 o 1

Existence of Nash equilibria & exchangeable minimax order
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Mirror descent self-play

1
W0 le) = argmas By [P - 1 |9)] = D10 |70 )

n>0 — stepsize

» explicit update

(1) G By z) __L
™ (ylz) = m(ylz)e Z(t)(l‘)
(t+1)
or nP(y = 7 |z) = log T ]2) +log Z®) ()

T (y|z)

ZW(z) =y, wD(y|z) enPv=m" 1) _ normalization constant

Relation between preference and target policy



Nonlinear regression

t+1)(.|2) = argmin E (1 mlylz)
T X argmln ~ N7r) z Og
tle R OIS

2
= (P 7)o 20(a)))
n >0 — stepsize

» empirical estimates

K
P(y =7 |2) =~ P(y > 7% |x) ZPy»yﬂ ) forsome yi,...,yx ~ (- |x)
k=1

Z0(x) ~ Z0K)(z) = EByoro(|a e"P(Wﬁ(KWI)]



Duality gap

max P(7 = 77) — min P(7p = 7) < (’)(i)

vT
7r = &>._, 7 — mixture policy
proof: arXiv:2405.00675

B APPROXIMATE NASH EQUILIBRIUM

max P(m = 7p) > P(n>=7p)foralln

s
min P(7p >=7m) < P(7r > 7) forall =
™

1
= P(r>=7r) < maxP(r>7r) < min P(7r > 7) + O(—=)
™ K

3

< P(ﬁT - 7T) + 0(7)

5



Connection to policy gradient

POLICY GRADIENT

VoEs [ Eyny(1a[r(@9)] = 3 D (mo(- | ) | moer (- 2)) |

= VoEo | Byl |r(@,y) - Llog 2201 |

= B [Eyry( o[ (r@y) — Slog 2215 — b(a) ) Vo logmo(y| 2) ]]

= nE; [EyNWG('lzv)[ — Vo (T( y) — 1 g;:f(zj‘\ )) — b= ))2 iy

» an adaptive policy gradient

i 2
0(t+1)(~ |z) = argmin E, /o0 | nP(y =~ 7® | z) — log moly | 2) — log Z(t)(x)
0 v 7 (y|x)



Summary

B RECAP
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Two-player game

B NASH RLHF

Mirror-descent self-play, connection to policy gradient



