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The

growth of trained LLMs
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A growing number of variant LLMs
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Carbon footprint

Estimated carbon emissions from training select Al models and real-life activities, 2012-24
Source: Al Index, 2025; Strubell et al., 2019 | Chart: 2025 Al Index report
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Generalization

A->B B->A

o i iffer’ ?
o Who is Tom Cruise’s mother? Q Who is Mary Lee Pfeiffer's son?
Tom Cruise's mother is Mary Lee Pfeiffer.

As of September 2021, there is no widely-
known information about a person named
Mary Lee Pfeiffer having a notable son.

Reversal curse

image source: arXiv:2309.12288



Combination of LLMs

train language sample
model

train language sample
model

y ~ mo(-|z), m(-|z), ..., 7x(-|x)

How do we combine several pretrained LLMs?
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Model merging

K + 1 trained models : 7y, 7g,, ..., 7o,

B WEIGHTED AVERAGING
K

merge (6o, 61,...,0k) = KIHZwka
k=0
B TASK ARITHMETIC
| K
merge(6o,0y,...,0k) = % Z te Tk + 6o
k=1

T =0, — 0y — kthtask
B MIXTURE OF EXPERTS

K
1
merge(mg,, 7o, - - s Mo, ) = 1l Z Ak, T,
k=0

Heuristic design of (wy, t;, \;) & performance varies



Soup-based alignment
Soup model: w5y = TASE il
log Tsoup = 215: o Wk log g,
B PARAMETER OPTIMIZATION

maxiemize E,. [Eywﬁe(.m)[r(%y)] — BDkL(mo (- | ) || Tsoup (- |$))]
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Mixture of regularizations



RLHF w/ many reference models
K + 1 trained models : mg,71,..., 7k
B PARAMETER OPTIMIZATION

K
maximize Eg | Eyry(.ja) Z: Bk D (mo(- | ) || m(- [ 2))

Bo, b1, --.,Bx — tradeoff parameters
= kth policy = is pretrained

x reward model r is from reward modeling

Alignment w/ multiple reference models



Policy gradient
B REINFORCE

K
VoEa | Bymry(-|2) ZﬁkDKL mo(- [ @) || (- | ))]

Ey (1) [ Zﬁ lg %”

= Eu[Eymny()o)] (Flz,y) — Zk:oﬁk)velogﬂe(y\ z) 1]

= v@ E:v

F(x,y) = r(z,y) — S.h_, Br log :fgl‘//“j; — regularized reward

x on-policy unbiased estimate
~ off-policy unbiased estimate

moy|x S
Ey~ﬂoff(-m)[7ffi/)< Z: >V910g7r9 Y| )‘|‘|

Ey




Multi-reference RLHF in distribution space

B DISTRIBUTION OPTIMIZATION

maximize Ep | Ey o r s ZﬂkDKL x) || (- | z))

™

Bo, b1, --.,Bx — tradeoff parameters

= optimal LLM policy 7*

1
™ (y|z) = mer(y|z)e" @/ _—_

Z(x)
» reference policy mes
K T, 1
_ B/l __ L
et (y | ) H (me(y | x)) Zret (@

Z(x), Zef(x) — normalization constants



B MULTI-REFERENCE KL DIVERGENCE

K
Z Br Dro(m

x) || (- 2))

K
> BeEy (o) [logm(y| z) — logmi(y | z)]

k=0
1T/8]Ey~7r(~\m) [1Og7r(y | (L‘)]

.
—1TBEy (s | log [] (m(y |2))?/t 7
k=0
1T6Ey~7r | z) [logw(y | .CU)]
_1T5 Ey~7r(~|x) [log mret(y [ )] — lTﬁlog Zret(7)

1T 8D (7 (- | @) || mrer(- | 2)) — 1T Blog Zyef(x)
~—
m-independent



B SINGLE-REFERENCE RLHF
K
maxjrmize E, [Eyww(.m)[r(u’v,y” — Z Br Dy (7 (- | ) || m (- ’"T))]
k=0

v

™

maximize E, [EyNW(.M)[T(x,y)] -1'3 Dy (m(- | ) || mret (- |$))}

Bo, b1, ...,Bx — tradeoff parameters

x reference policy mes

mei(ylz) = ] (mly|z)®/*" P ———

Zret(x) — normalization constant



Correspondence between policy and reward

K T T 1
H Ti(y | z) 5k/1 Ber(zy)/1p

E—0 Z(x) Zret(x)

» from reward to optimal LLM policy

» from optimal LLM policy to reward

*

y ‘ Jj) + ]_Tﬁlog(Z(l‘)Zref(x))
k(y | )

K
Z Bi 1og

Rich reward function class



Reward representation trick

Reward decomposition: r(z,y) = S5 _ o 7x(z, )
Dataset: D=uUl_ {20 k)’y§Z k), (i,k)\ N N

Reward modeling: maximize, By, o)~ p [10gP(y1 = yo|z)]

ri(x,y) == B log ikg {ig — reward parametrization

B REWARD REPRESENTATION

E(9671/1,;1/0)~D [logP(y1 = yo| )]

= S 0By w0y~ Dy [10g o (rk(z, y1) — (2, 90)) ]

K
(| 2) (o | x>> ]
- B, .1ep |1 log T ILIL) g 1og TYOIT)
2 Blenw Dk["g"@’“ 8 e M el 2)



Multi-reference RLHF in parameter space
B PARAMETER OPTIMIZATION
S mo(y1 | ) mo(yo | )
maxuize > Brnn)~ Dy oo (sutos T2 eton T ) |

* nonconvex parameter optimization
B POLICY GRADIENT (DIRECT PREFERENCE OPTIMIZATION, DPO)

K
me(y1|z) We(y0|$)>}
kz_:OVGE(x,yl,yo)NDk [10g0<5k log o1 | 2) B log (00 [7)

Z E(2y1,90) ~ Dy [0 (Pr(z,90) — Tr(z,91)) (Be Vg log mg(y1 | ©) — BrVelog ma(yo | z)) |
k=0

P(z,y) = By log ;zgm — reward parametrization

Decentralized DPO



Personalized regularization



Multi-objective RLHF w/ many reference models

B MULTI-OBJECTIVE PARAMETER OPTIMIZATION

K

maximize By [Ey (o) [7(2,9)] = B Dic(mo(- [2) | ma(- | 2)) ]
= F(k)(ﬁ)

k=0
m, — kth trained model

Br >0 — tradeoff parameter

« Pareto solution 6*

-30 F®g) > F®(9*) forall k, and F*) (@) > F*)(9*) for some k’

Intractability of Pareto solution



Scalarization approach

B SINGLE-OBJECTIVE DISTRIBUTION OPTIMIZATION

K
maximize E, EyNﬂ(.|z) [r(x,y)] — Z wiBre DL (7(- | 2) || (- | 2))

™

m, — kth trained model
Br >0 — tradeoff parameter

S _owr =1, w; >0 — mixture weights

= sufficient for multi-objective strictly convex optimization
» Pareto LLM policy 7*

s T3 51
Bk/l Bar(zy)/1' B

I | i (y e _—

k=0 1) Z(@Zref(x)

3 k= Wi 3k



B INFERENCE-TIME ALIGNMENT

K

5 1T ;1
r ) = o (y | e PR B TE___ L
(y|x) kHO( k(Y| x)) Z() Zyet ()
K 3 11T 73 1
— T e@yNB/TB
,EO H D ) @)
K
— H /Bk/l
k=0
7e(x,y) ==r(z,y)/Br — rescaled reward
\
B
log 7 (y | ) 27 ogmi(y| )

Soup model



Worst-case regularization



Minimax multi-objective RLHF w/ many reference models
B SINGLE-OBJECTIVE DISTRIBUTION OPTIMIZATION

maximize By x|y [7(2,)] — 8 maximize B, [ D (r(-| ) | me(: | )]

discrete optimization

m, — kth trained model
g >0 — tradeoff parameter
B CONSTRAINED DISTRIBUTION OPTIMIZATION

ma)grtnize Em,ywﬂ'(-\m) [T(xa y)] — Bt
subject to E, [DgL(7w(-|z) || me(-|2))] < ¢ for k=0,1,... K

= linear objective and convex constraints
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Combination of LLMs via constraints

y ~ mo(-|x

train {

language
model

/ preference /

Text generation (ChatGPT)

preference — reward / human feedback

sample ‘

finetune

Goal

Requirements

helpful responses

retain model #1
retain model #2




Constrained RLHF w/ many reference models
K + 1 trained models : mg,71,..., 7k

B CONSTRAINED PARAMETER OPTIMIZATION

maxiemize E, [EyNﬂe(.m)[T(l‘,y)] — B Dx(mo(- | x) || mo(- | r))]

subject to Ey [ Dx(mo(- | z) || mi(- | 2))] < ek

fork=1,...

x nonconvex objective and nonconvex constraints

Intractability of nonconvex constrained optimization



Constrained RLHF in distribution space

B CONSTRAINED DISTRIBUTION OPTIMIZATION

max}rmize E, []Eywﬂ(.m)[?“(x, y)] — B Dxi(mo(- | ) || 7o(- | x))]

subject to E, [ DgL(w(-|z) | mx(-[2))] < e

fork=1,...

» concave objective function and convex constraints

High-dimensional, convex — strong duality



Lagrangian approach

B LAGRANGIAN
L(m;A) = E, Eyor(|z) Z)\kDKL x) || m(-|x)) +ATe
Ao =5, Ae:= Zl{‘\’:l AL€EE

B SINGLE-OBJECTIVE ALIGNMENT

maximize L(m;\)
m

x explicit maximizer 7*(\)

Unknown optimal dual variable \*



Strong duality

Dual problem: mini}\mize maximize L(m;\)
K

Primal problem: maximize mini}\mize L(m; \)
s

B CONVEX-CONCAVE MIN-MAX OPTIMIZATION

minimize maximize L(m;\) = maximize minimize L(m;\)
A ™ ™ A

Strong duality — exchange of min and max

OBJECTIVE: find @ minimax point (7*, \*)




Dual problem

mini}\mize maximize L(m;\)
L(m;A) = By | By 1y [7(2,9) ] = X520 M D (- [ 2) | mi(- | 2)) | +ATe

B SINGLE-OBJECTIVE ALIGNMENT

D(\) := maximize L(m;\)

» explicit maximizer 7*(\)

(/1AL

(yla) = mely|oe 70

Tref(y | ) = Hf:o(ﬁk(?/ ‘ -T/)))\L/l 5 Z 1(

ref (T)



Optimal dualization

B EXPLICIT DUAL FUNCTION

r(z,y) + \e
D(\) = 1T)\E, [ngy%ef(,m [exp <(y1)TA>H — 1TAE, [log Zref(2)]

)))\,,/IT/\ 1

Ziret(z)

K
Tret(y | 7) := H/g: ()(Wk('!/ |z

Independent of 7, smooth, and convexity
=77 easy to find \*



B SAMPLES FROM REFERENCE MODEL

K
log Tret(y | ) Z log k(v | )
Soup model
B NORMALIZATION CONSTANT
- K
1 )\IOngef H 7Tk ymax’ Ak — eZk:o)‘klogﬂ'k(ymax\x)

Max-approximation



Dualization approach

B NON-ITERATIVE CONSTRAINED ALIGNMENT METHOD

stage 1: find an optimal dual \* € argmax D(\)
A>0

stage 2: solve the primal problem 7* = maximize L(m, \*)

B PRACTICAL IMPLEMENTATIONS

model-based setting preference-based setting
model-based dual preference-based dual
pseudo-preference optimization pseudo-preference optimization




Summary

MOTIVATION

Carbon footprint, generalization, personalization

EXAMPLES

Model merging, model soup

REGULARIZATION-BASED APPROACH

Mixture of regularizations, personalized regularization, worst-case regularization

CONSTRAINED APPROACH
Multiple constraints, optimal dualization



