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Combination of DMs

. train diffusion
e model
. train diffusion
— model

zo ~ p'(), ..., PR()

How do we combine several pretrained DMs?



Diffusion model composition
K diffusion models: sp(z,t) for k=1,...,K
K target distributions: p*(zo) for k=1,..., K
B CONJUNCTION MODEL
K
pconjunction(xo) ~ H pk(xo)

k=1

B NEGATION MODEL

negation(xo) ~ p (.%‘0)

b 2(0)

3

B DISJUNCTION MODEL

K
pd|31unct|on (UUO) ~ Z pk: (330)
k=1



Alignment + composition framework
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Diffusion model composition: conjunction
K diffusion models: sp(z¢,t) for k=1,...,K
K target distributions: p*(zo) for k=1,..., K

Reward model: r(z) for a sample z,

B DISTRIBUTION OPTIMIZATION

max}iomize Ego~py[7 Z BrDiL(p(-) |27 (-))
B1,...,08k — tradeoff parameters
» optimal model p*
o ﬁ At 1
p*(xo) x pcon( )r(mg)/l B and pcon xO U k XE

Exponentially weighted conjunction distribution



B KL DIVERGENCE SUMMATION

Z BiDr () 19°() =

K
Z BrE ~p(-) [bgp(xo) — log Pk(xo)]

1TﬁEx0 () [log p(o)]

.
_lTﬁEro~p [lOg H /Bk/l B]
]-TBE:L’ONp(-) [logp(:z,‘g)]
—1T BB p(y [log p*"(20)] — 17 Blog Z

1" 8D (p(-) [ 9°°°(-)) = 17BlogZ
N’
p-independent

KL divergence summation —- distribution conjunction



B CONJUNCTION-BASED ALIGNMENT

maximize E
P

2o~ p()| Z BeDrL(p(:) 12" (+))
i

max;)mize EEONP(.)[T(Z'O)] - 1T5DKL(P(') Hpcon(_))

x conjunction distribution p°"

K
ﬂk/lT 1
COl’l H >
k=1

N

Relaxation of point-wise KL divergence as path-wise one



Diffusion model composition: negation
K diffusion models: sp(z¢,t) for k=1,...,K
K target distributions: p*(zo) for k=1,..., K

Reward model: r(z) for a sample z

B DISTRIBUTION OPTIMIZATION

maximize Eq, ~p()[7(20)] = SiDr(p() [|P'()) + B2Dr(p() [ P*())

51, B2 > 0,and 51 > B2 — tradeoff parameters
» optimal model p*

B
(@) 1
@)n 7 1
(P(x0))7 7

pH(wg) oc pUB(wo)e" 0V FmR)and phE(a) =

Exponentially weighted negation distribution



B KL DIVERGENCE DIFFERENCE

B1DxL(p() |1 ' () = B2 D (p() | ()

= B1Byy~p() [logp(20) —logp'(x0)] — BoEaymp(.) [log p(wo) — log p*(z0)]

_b1
= (b1 = B2)Eyy~p() [logp(zo)] — (B1 = B2) By ~p(. |:log(pﬁ2]
p
= (B1 = B2)Euy~p() logp(xo)] — (B1 — B2)Esy ~p(.) [log p"*0(0)]
—(B1 = B2)log Z

= (81— B2)Drr(p() ["9(-)) — (B1 — Ba) log Z
~—_——
p-independent

B1> G2 >0

KL divergence difference —> distribution negation



B NEGATION-BASED ALIGNMENT
— BiDkL(p() |p" () + BoDie(p() | 92("))

(3
— (81 = B2) Dk (p(:) | "9(4))

max%)mize Ego~py[7(20) ]

max})mize Ezo~p() [7(0) ]

» negation distribution pP®

NI +=

p
pncg(xo) = 5

B1 > B9

Relaxation of point-wise KL divergence as path-wise one



Diffusion model composition: disjunction
K diffusion models: sp(z¢,t) for k=1,...,K
K target distributions: p*(zo) for k=1,..., K

Reward model: r(z) for a sample z,

B DISTRIBUTION OPTIMIZATION

max}iomize Ego~p()l Z B D (p"() [ ()
B1,...,08k — tradeoff parameters
» optimal model p*
* o 1 dis dls
p*(zo) o (zo)? (zo) and p Zﬁkp o)

Reciprocally weighted disjunction distribution



[ | FORWARD KL DIVERGENCE SUMMATION

K
Z@DKL WP = 3 Biay iy [l02p" (20) — logp(ro)|
k=1

K
= Z IBkEx()Npk(~) {Ingk’(xo)]
k=1

1T
1 GE zo~ Ry 1T/3 P (z0) [log p(zo)]

K
- Z BBy~ pi() {logpk(xo)] - 1T5Exowpdis(,) {logpd's( )}
k=1

+17TBE,, - pais(.) [logpd's( )} — 17 BE,, s log p(x0)]

K

= = B(HE™) - HP") +17 8D (0™ () || p(-))

k=1

p-independent
Reverse KL divergence summation —- distribution disjunction



B DISJUNCTION-BASED ALIGNMENT

max%)mize Egy ~p(yl Z BrDrc (P () [ ()
0
maximize Eg, ~p()[7(20)] — 1" 8D (p™°() || ()

« disjunction distribution p¥s

. 1 &
o) = -

N =

Relaxation of point-wise KL divergence as path-wise one
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Diffusion model composition: conjunction
K diffusion models: sp(z¢,t) for k=1,...,K
K target distributions: p*(zo) for k=1,...,K

Reward model: r(z) for a sample z

B CONSTRAINED DISTRIBUTION OPTIMIZATION
maximize By, . ,)[7(z0)]
P
subject to Dy (p(-) | 2"(-)) < e

fork=1,...

= linear objective function and convex constraints

High-dimensional, convex — strong duality



Lagrangian approach

B LAGRANGIAN
Lip;A) = Egyuplr Z Ax Di(p Hp (1) + Ale
Ae= 31 M

B SINGLE-OBJECTIVE ALIGNMENT

maximize L(p;\)
P

» explicit maximizer p*(\)

Unknown optimal dual variable \*



Strong duality

Dual problem: mini/\mize maximize L(p; \)
P

Primal problem: maximize mini}\mize L(p; \)
P

B CONVEX-CONCAVE MIN-MAX OPTIMIZATION

minimize maximize L(p;\) = maximize minimize L(p;\)
A P P A

Strong duality — exchange of min and max

OBJECTIVE: find a minimax point (p*, \*)




Dual problem
mini}\mize maximize L(p;\)
P
L([); >\) = E:I,’(]fvp(-)[r ] Zk_l)‘k DKL( ( )Hp ( ))+)‘T€

B SINGLE-OBJECTIVE ALIGNMENT

D()\) := maximize L(p;\)
p
» explicit maximizer p*(xq; \)

K
p*($0§)\) o pcon( /\)er(zo)/lT)\ and pcon .230, H



Optimal dualization

B EXPLICIT DUAL FUNCTION
D()\) = ]_TA log Exo,\/pcon(,;)\) |:eXp < 1_|_)\

P (o3 A)

Independent of p, and convexity
=77 easy to find \*

T
W)] — 1" log Z

e . Ae/1TA
Hf,:l (pk(:z;o)) v/ X

1

N



B SAMPLES FROM COMPOSED MODEL

Sgsoup(.’Bt,t> = Szi(:l%ek(l't,t)

Soup model
B NORMALIZATION CONSTANT
K
1" \logZ =~ H (pF ()
k=1

Max-approximation requires density estimation —> Intractable



Primal-dual algorithm

B PRIMAL UPDATE

pOA®)  — argmax Lp; AY)
P

p([')(fl‘o;)\) x pcon(xo;)\(t))07>(170)/17)\<’)
B DUAL UPDATE

)\SH) P ()\I(Ct) —q <€k _ DKL(p(t)(.;)\(t)) Hp’f()))>

Dual subgradient descent

— guaranteed to find \*, while slow convergence
and high computational cost



Summary

B RECAP

B REGULARIZATION-BASED APPROACH

KL divergence summation = conjunction, KL divergence difference = negation,
forward KL divergence summation = disjunction

B CONSTRAINED APPROACH

KL divergence constraints for conjunction (similarly, negation and disjunction),
primal-dual algorithm



