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Iterative descent template

Iterative update: =z, = o + apdi, k=0,1,2,. ..
Direction: d,

Stepsize: o >0

An algorithm is a direction rule plus a step-size rule

B CONVERGENCE METRIC

e(rr) = llox—a™l| or e(zr) = flawx)— fz7)
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Global convergence to stationary points

Lipschitz continuous gradient: ||Vf(z) — V()| < L|jz — y|, Vz,y € R®
Iterative update: <z, =z +ardi, k=0,1,2,...
Gradient-related directions: {d;}rcx

Step-size rules: constant, diminishing, Armijo backtracking

B STATIONARY-POINT CONVERGENCE

{rr}kex — T — Z is a stationary point

Every limit point z is stationary: Vf(z) =0

Convexity is not required!
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Why the stationarity theorem works?

B DESCENT LEMMA

flath) @) < WTVS@) B vhe R

27,
o+ andy) — floe) < 00V f () e+ P a2~ one-step

improvement

One-step improvement for steepest descent:

1 1

fzr + ardy) — fzg) < —ﬁHVf(xk)HQ, ap = —

~
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Stationarity theorem: Diminishing step-size

Lipschitz continuous gradient: ||Vf(z) — V()| < L|jz — y|, Vz,y € R®
Iterative update: 4,1 = 2x + apdi, K =0,1,2,...
Gradient-related directions: {di}rcx

Step-size rule: o, — 0, ), ax =

B STATIONARY-POINT CONVERGENCE

{zi}kex — = — 7 is a stationary point

PROOF: By contradiction
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Stationarity theorem: Armijo backtracking

Lipschitz continuous gradient: ||Vf(z) - Vf(y)|| < L|jz — y||, Yo,y € R?
Iterative update: 4,1 = 2x + apdi, K =0,1,2,...
Gradient-related directions: {di}rcx

Step-size rule: Armijo backtracking

B STATIONARY-POINT CONVERGENCE

{zi}kex — = = T is a stationary point

PROOF: By contradiction
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Stationarity theorem: Constant step-size

Lipschitz continuous gradient: |Vf(z) — Vf(y)| < L||z — y|, Y,y € R”
Iterative update: zy,1 =z + apdi, k=0,1,2,...
Gradient-related directions: {dx}rcx

(2= )|V f(xn) " dil

Step-sizerule: 0<e<ap <
P ¢ Ll

B STATIONARY-POINT CONVERGENCE

{zi}kex — = - 7 is a stationary point

PROOF: By contradiction
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Quadratic example: exact dynamics

Quadratic function: f(z) = %xTQx, RQ=Q" >0

Steepest descent: 2,1 = (I — axQ)zr, k=0,1,2,...

H OPTIMAL SOLUTION
Vf(*) = 0 — = 0

B ERROR DYNAMICS

2
Th+1
HH&?:H’?’ < =@l = max {|1 — apAmin(Q)]% |1 — A Amax(Q)*}

2 — best constant step-size

* O[k - Amin(Q)“l’)\max(Q)
ka—i-l — x*”2 < <"£ — 1)2 = )‘maX(Q)
K+ 1 ’ Amin(Q)

Linear rate:
|lxk — 2*]?
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objective error

Conditioning controls speed and trajectory

iteration &

lteration complexity: O (,i log e(:vo))
€
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Convexity vs strong convexity
Function: f: R® — R (differentiable)
B CONVEX FUNCTION
fly) = fl@) + (Vf(z),y— )
« V2f(x) =0 — PSD
B STRONGLY CONVEX FUNCTION
f@) > @)+ (Vi@)y—a) + Sly— |

x V2f(x) = pul — PD
« pl = V2f(x) < LI — PD and Lipschitz gradient (L)
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Questions?
( Email: dongshed@utk.edu )



