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Convexity vs strong convexity

Function: f: R® — R (differentiable)

B CONVEX FUNCTION
fly) = fl@) + (Vf(@),y—x)
« V2f(z) =0 — PSD
B STRONGLY CONVEX FUNCTION
f@) = @) + (Vf@)y—a) + Sly— |
« V2f(x) = pul — PD
« ul X V2f(x) < LI — PD and Lipschitz gradient (L)
« # =  — condition number

1/9



Proof machinery

|

f(@re1) — f(zr)

Sufficient descent}{

Cost-to-go estimate

flxr) — f(@*)

x

Iterate the contraction:

One-step contraction
f(@r) — f(z)
< p(f(@k) — f(z9))

er1 < per = ex < pleg
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Convergence analysis for general convex functions
Gradient descent: ;.1 =z, —aVf(z), k=0,1,2,...

B DESCENT LEMMA
2L

fla) < ) - 2l
: 2 Lo — a*|
2 *
= ;}va(xz)“ < m(f(fvo) - f(z") < o —olL
B CONVEXITY
lens — 2l = flan —2*]? = 20 (V f(ar), 2 — *) + 2|V f(an) |

<l — )1 = 2a(f(zr) — f(2")) + o®(|V f )]

k 2 p)
1 a?L||lxg — x*||
§ : N * < 2 D Lo (Rt L I



Convergence analysis for general convex functions
Gradient descent: ;.1 =z, —aVf(z), k=0,1,2,...

B DESCENT LEMMA

200 —

2
Flaen) < f) — 229

= flaw) — f@) < flar) — f(@)
B CONVEXITY
lzgir =2 = ok — 2*|? = 20 (V f(2x), 25 — 2%) + 2|V f ()]
<l — 2P = 2a(f(ar) — f(@*)) + 2|V f(a)]?

a?L||zg — $*||2>

4 * 1 *
= D) S < s (oo =P+ 510 =0
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Convergence analysis for general convex functions
Gradient descent: =z, =2 —aVf(zg), k=0,1,2,...

B DESCENT LEMMA

9
Flaen) < f) - 2SR

= f(wg41) — f(@¥) < fla) — f(2%)

B CONVEXITY

ks —a** = g — 27 = 20 (VF(ar), 2 — %) + o®||V f ()|

< Jag — 22 — 20(F(ap) — F(2*)) + 2|V ()]
Lllzy — a*|? 1

o =

— o)~ f@) < SR =
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Iteration complexity for general convex functions

L|zo — a*|?

<
e(zr) < E 1 <

Lizo —a*|? _

== k > 1

€

Lljzo — 93*||2)

€

Iteration complexity: O (

Sublinear rate
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Rates at a glance

T T T T T
—~ — convex O(1/k)
B 107 —— strongly convex |
S
|
2
= 1078 y
S

| | | | |

10 20 30 40 50 60

iteration k

QUESTION: Is the dependence on k and ~ improvable?
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First-order oracle model and complexity
Function class 7(D,L): f:R™ — R (convex)
Initial gap: |jzo —2*|| < D
Lipschitz gradient: ||Vf(z) - Vf(y)| < L|jz — vl

B ORACLE MODEL © OF FIRST-ORDER ALGORITHMS
k

The1 = Z(ai,kfvﬁrﬁi,kvf(ﬂﬂi))

1=0
* QU = (Oéo,k, QA1 ky - - ,Oéng), ﬁk = (60,]“ ﬁl,k; o 7Bk,k> — Welghts

B COMPLEXITY OF AN ALGORITHM A € Q

C(Aje) = sup  min{k| f(xr) — f(z*) < €}
feF(D,L)
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Optimal first-order methods

Optimal complexity: inf C(A,¢)
AeQ

Iteration complexity:

LD? : 2
3% min (n, . ) < /irelfg C(A,e€) < ALD
T €

Thm 3.14, Bubeck Nesterov 1983

Gradient descent is not order optimal
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Questions?
( Email: dongshed@utk.edu )



