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First-order oracle model and complexity
Function class 7(D,L): f:R™ — R (convex)
Initial gap: |jzo —2*|| < D
Lipschitz gradient: ||Vf(z) - Vf(y)| < L|jz — vl

B ORACLE MODEL © OF FIRST-ORDER ALGORITHMS
k

The1 = Z(ai,kfvﬁrﬁi,kvf(ﬂﬂi))

i=0
* g = (00, Wk Uk)s Bt = (Boks Brks - -, Bri) — weights
H COMPLEXITY OF AN ALGORITHM A € O
C(Ae) =  sup min{k|f(zx) — f(2") < ¢}

feFD,L)
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Optimal first-order methods

Optimal complexity: inf C(A,¢)
AeQ

Iteration complexity:

LD? : 2
3% min (n, . ) < /irelfg C(A,e) < ALD
T €

Thm 3.14, Bubeck Nesterov 1983

Gradient descent is not order optimal
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Intuition for Nesterov acceleration

Gradient descent: ;. =z — aV f(zg)

. S 1
Equivalent minimization: z;,, = argmin f(xy) + (Vf(zk), 2 — ) + 2—||g: — z)?
x «

Two testing sequences: {z}, {yx}

B HISTORY-BASED MINIMIZATION
k

Af(@) < min S a(F) + VS0~ 3) + 5y ol
=0

« Ay =3F_ i, a; > 0 — weights

x 2y =1To — 1 Di_o@V f(y;) — minimizer s



Intuition for Nesterov acceleration

Cost-to-go estimate:

2
flan) = 1) < So

B HISTORY-BASED MINIMIZATION

k
L
Apf(ar) < min D ai(f(y) + (Vi) y — i) + LA xo||?
=0
» simplification with y = x* yields

k

Ad@m) < FE) Yt et ol

i=0
LD?
2A

= flow) = f(@") <
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Nesterov acceleration

Two testing sequences: {z:}, {yx}

B HISTORY-BASED MINIMIZATION

k
Auf() < min Y ai(Fw) + (VS = w) + 5y — ol

1=0

* Zp = Xo — %Zf:o CLZVf(yl) — minimizer

B NESTEROV ACCELERATION

* O =

ak

A

+1
-, Q
o1’ 0 €

Yk41

Tg41

(1 —Ok)zr + Opz

1
Yk+1 — va(yk-i-l)

0,1], a3 < A, — parameters
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Linear parameter choice

B LINEAR CHOICE

2
* flag) — flz*) < G +21L)6€ o) accelerated rate
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Aggressive parameter choice

B AGGRESSIVE CHOICE

1
= ai—ak = ai_l, ap = 5(1+\/4ai_1+1>

B SIMPLE RECURSION

Yk+1 =

Tkl =

(1 + tk)$k — trxp_1

1
Ykl — va(ykJrl)

* 9 =x1 = 0, ag = 0 — initialization

ap — 1
« tp = ——— — parameter
Ak+1
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Proof of simple recursion (l)

B NOTATION
k
1
U va(yk)v k= _Zaigi
=0
Ypr1 = (I+tp)zp — tpTp_1
Tk+1 = Yk+1 — Gk+1

x xg = 0, go = 0— Iinitialization

B TELESCOPING SUM

apt1Yk+1 — (ag1 — Do = aryr — (ap — 1)Tp—1 — arge

= Yr+1 = (1 — D)(@p — Yat1) + 2
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Proof of simple recursion (ll)

B TELESCOPING SUM (CONTINUED)

Ukt1 = (g1 — 1)(Tp — Ypg1) + 21
1 1
= Ypty1 = |1-— T + Zk
ak+1 QK41
= Ypy1 = (1 —0k)zp + Oz

a 1
« Op = —FL = — parameter

Ak+1 Ak+1
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Iteration complexity of simple recursion (l)
Smoothness & convexity:
L
flzry1) — f(2) < L{Grs1, Yrt1 — T) — 5”91@—1—1”2

B SUFFICIENT DECREASE

L
e(rpr1) — e(@xr) < L{ght1,Yry1 — Th) — §Hgk+1H2

B COST-TO-GO ESTIMATE
N L
e(@pr1) < L{Gkt1, Yor1 — %) — §||gk+1||2

L
= L{grt1, 2k — %) + L(agt1 — 1)(Grt1, Tk — Yky1) — §Hgk+1”2

1 1
* Ypr1 = (1 — Tk + 2k
Ag41 Ag41
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lteration complexity of simple recursion (ll)

B ADDING SUFFICIENT DECREASE TO COST-TO-GO ESTIMATE
L(ags1 — 1)

(ars1 — D)(e(xgs1) —e(zr)) < (aps1 — 1) L(Gr+1, Ykt1 —Tk) — f”%ﬂ”2
D
* L 2
e(rpr1) < L{grs1,ze — %) + Llagsr — 1)(grs1, Tk — Yks1) — §||9k+1||
La
= appre(rn) = (r = De(m) < Llgep, s —2%) = =5 lgell
H REARRANGEMENT

2 * Laiﬂ 2
pr€(Thr1) = appr (e = De(ar) < Lagpi{gren, 20— 27) = — = llgr+1]

L
= —Lapy1(grt1,77) — 5 (||Zlc+1||2 - ||Zk||2)

* Zk+1 = Rk — Qk+19k+1 1115



Iteration complexity of simple recursion (lll)

L
ai+1e(xk+1) — apyi(aker — 1 e(zr) < Lagga(geer, 2™) — B (”2k+1\|2 - szHZ)
—_—

— 42
_ak

B TELESCOPING SUM

IN

L
L{zpy1,2%) — §sz+1||2

L
§||$

ajyre(zr41) — age(zo)

IN

*”2

k1
* Zp41 = — E a;gi, 21 =0
i=0

Iteration complexity:
LD? 2LD?
2Ak+1 o (k -+ 2)2 12/15

e(rpg1) <



Acceleration is generally non-monotone

1 ‘—o—‘ Gt)

—a— Nesterov
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Optimal first-order methods for strongly convex functions
Iteration complexity of GD: O </<; log 1)
€

QUESTION: Can we make Nesterov’s method also order-optimal?

Restart Nesterov’'s method every T' = /(' k iterations

L||zg_1yr — || C
flzir) — f(@*) < Oy I I%TQ | < 2012 (f@i—yr) — f(z))

2CH

k)T
— flo) — [ < (C) (F(z0) — f(2)

. . 1
Iteration complexity of restarted Nesterov: O (\/Elog )
€
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Convergence anlysis of optimization algorithms

B ASYMPTOTIC CONVERGENCE

B RATE OF CONVERGENCE

B ITERATION COMPLEXITY ANALYSIS

Method Convex Strongly convex
GD O(1/e) O(rlog1/e)
Nesterov O(1/+/¢) O(v/klog1/e)
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Questions?
( Email: dongshed@utk.edu )



