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From unconstrained to constrained optimization

minimize T
inimni f(z)
subject to reR”
NS
minimize T
nimi f(z)
subject to reX

QUESTION: How should we modify our existing algorithms?
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Constrained linear regression

minigmize 1X6 — yl|?
subject to 0>0
17=1

x [6#]. — projection onto a polyhedron, itself a quadratic program

Convex, but hard to project!

QUESTION: Can we move the constraints into the objective?
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Primal problem and Lagrangian
Functions: fy, f1,..., fm: R® — R (Convexity is not required.)

Simple set: X cR"

minimize fo(z)
xT
subject to file) <0, i=1,....,m
reX

B LAGRANGIAN
L(z,A) = fo(z) + Mfi(z) + - + A fm(2)
* A= (\,...,\n) > 0 — Lagrange multipliers, or dual variables

* A\ fi(xz) — price for violating the i-th constraint
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The dual function is always concave
Lagrangian: L(z,)) +ZA filz

B DUAL FUNCTION
g(A) = 1nf L(x,\) Lz, \)

reX

x L(z, \) is affine in \ for each fixed x

» g(A) is concave — pointwise infimum of affine functions

g is concave even if the primal problem is not convex
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Lower bound property

Feasible point: f;(z) <0fori=1,...,m,andz € X

Nonnegative multipliers: ) >0

B LOWER BOUND

fox) > folw) + > Nifi(x)
i=1

> inf <fo(Z) + ZMﬁ(Z))
1=1

= g(\)
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The Lagrange dual problem

B DUAL PROBLEM
= maxi)\mize g(\)

subjectto A > 0

x g is concave over A > 0 — always a convex problem

» d* — best lower bound on p*
B WEAK DUALITY

9(3\) d* A fo(z)

[
~

—_—

duality gap p* —d* >0
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Example: linear programming

minimize clx
X

subject to Az < b

B LAGRANGIAN
.
Lz, \) = c'a + \T(Az—b) = (C-I—AT)\) z— bl A

B DUAL FUNCTION
—bTA, ifATA+c=0
g(A) = inf L(z,\) =

—00, otherwise

maximize EADY
Dual problem: A>0
subject to ATA+c =0
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Example: quadratic programming

Positive definite matrix: Q -0

minimize ' Qux
x

subject to Ar < b

B DUAL FUNCTION
VoL(z,)) = 2Qz+ A"\ = 0

1
— 2"\ = —iQ‘lATA

1
— g\ = LE"(\),\) = —ZATAQ‘lATA—bTA

Dual problem:
s _1 TAN—-1 4Ty _ 2T
ma/;\cgr&lze 4)\ AQ A ' A—b' A
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Strong duality and Slater’s condition

Convex problem: fy, f1,..., fm are convex, and X is convex

B STRONG DUALITY
d* — p*
» convexity 4+ constraint qualifications — sufficient condition

B SLATER’S CONDITION
Jz erelint X with fi(z) < 0, i=1,...,m

~ strictly feasible point — depends only on the constraints
« affine f;, e.q., 1 < X0 <5 — fi(z) <0 suffices

Convexity + Slater condition — strong duality

9/10



Duality in algorithms
Primal feasible point: =z,, £k=0,1,2,...
Dual feasible point: ), >0, £ =0,1,2,...
B PRIMAL-DUAL GAP
gA) < p° < fola)

* fo(zr) — g(Ax) — 0 — strong duality

B STOPPING CRITERION

folzr) —g(h) < e = folzg) —p* < e iteration

Accuracy is certified without knowing p*
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Questions?
( Email: dongshed@utk.edu )



