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Lagrangian duality and KKT conditions

minimize fo(z)
subject to file) <0, i=1,....m
re X
B LAGRANGIAN AND DUAL FUNCTION
B WEAK AND STRONG DUALITY
B KARUSH-KUHN-TUCKER CONDITIONS
Problem Weak duality Strong duality KKT conditions
General d* < p* may fail necessary if d* = p*
Convex + Slater d* < p* d* = p* necessary & sufficient
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QUESTION: Why does Slater’s condition give strong duality?
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Epigraph form of constrained optimization

minixmize fo(z)

subject to file) <0, i=1,....m
reX

s

milxl}g&ize t

subject to folx) <t
filz) < wy i=1,...,m
u; < 0, 1=1,...,m
reX
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Geometric interpretation of duality
Set of values: A= {(u,t)|3rc X, fi(z) <, folz) <t}
Convex set: Ais convex if fo, fi1,..., fm and X are convex

B PRIMAL PROBLEM

p* = inf {t|(u,t) € A, u <0} t
W DUAL FUNCTION A
* Al
g(A) = inf {t+)\Tu‘(u,t)€A} P A1)
: g(A)
% g(\) =t + \"u — supporting hyperplane
« (\, 1) for A > 0 — non-vertical normal | u
* g(\) < p* — intercept on the ¢-axis
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Slater’s condition and supporting hyperplanes

Slater point: (u,t) € A, @ < 0

B SUPPORTING HYPERPLANE
a'u+ Bt > Bp*, Y(u,t)e A

a > 0, g >0, (a,8) # 0

(0,p*)
B VERTICAL CASE: 5 =0 \

a>0 a#0 — 0<a'a<0 u=0

by contradiction
—

B >0
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Slater’s condition and strong duality

Dual multiplier:

B SUPPORTING HYPERPLANE

A =

t+ N T > pt, V(u,t) € A

B DUAL FUNCTION

@
&)

g(¥) = it {1+ () | (1) € A} > p*

* g(A\*) < d* < p* — weak duality

Strong duality: g(\*) = d*

*

=P

>0,

8>0

(A1)

g(\*) =p*

6/13



The perturbed value function

Strong duality: \* dual optimal for u = 0

p*(u) := minimize fo(z)
x
subject to filz) < wy i=1,...,m .
p*(u)
reX

B GLOBAL LOWER BOUND

p*(0) = g(\) < Lz, \*) < folz)+ 2w

*x € X, fi(x) <u; — feasible for p*(u)

= p*(u) > p*0) — (M) Tu
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Multipliers are shadow prices
Global lower bound: p*(u) > p*(0) — M Tw

B GLOBAL SENSITIVITY
= large \f, wu; < 0 — tightening greatly increases p*
x small A7, u; >0 — loosening does not decrease p* much
x fi(z*) <0 = Ay =0 — inactive constraints are free

B LOCAL SENSITIVITY .
! 8uz

Ar: price of the i-th constraint
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B LAGRANGIAN

Equality constraints

minimize fo(z)

subjemctto filz) <0, i=1,....,m
hi(z) =0, i=1,...,p
reX

B DUAL PROBLEM

d*

— A Ap) = inf Lz, A
o max gAp),  g(Ap) Jnf Lz, A p)

x x €relint X, fi(x) <0, h;(x)=0 — Slater point

Convex [, f; + affine h; + Slater point — d* = p* 9/13



KKT conditions with equality constraints

Differentiable functions: (fo, f1,..., fm) and (h1,...,h,) over X = R"

Zero duality gap: (z*, \*, u*) primal and dual optimal

B KKT CONDITIONS
* fi(z*) <0, hj(z*)=0, Vi,j — primal feasibility
* A\f >0, Vi — dual feasibility
* Affi(x*) =0, Vi — complementary slackness
w Vfolz®) + 32, NV fila*) + 32, ujVh;(z*) = 0 — stationarity

CONVEXITY:
KKT conditions <= Optimality with zero duality gap

10/13



Example: equality-constrained quadratic

Fat matrix: A e RP*", p<n, AAT invertible

minimize §Hx||2

subject to Ar = b
B DUAL FUNCTION

1
Vel(w,p) = o+ATp =0 = g = —5pu AATp —bTp
B DUAL PROBLEM
maximize g(u) = p = —(AADH)
I

KKT: 2* = —ATp* = AT(AAT)~'b — least-norm solution
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KKT for constrained linear regression

minignize fO) = HXQ—ZJ”2
subject to 0 >0

176 = 1
B KKT CONDITIONS

VOT) = A —p1, X 2>

77
B OPTIMALITY
af(6%) af(6%)
* = <
07 > 0 = a0, 1 a0, vk

KKT recovers the optimality condition over the probability simplex
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Equivalent primals can have different duals
B ORIGINAL PROBLEM

minimize log (Z exp <az—-rx — bz)>

i=1
* No constraints — constant dual function g = p*

B REFORMULATION

m
minimize log <Z exp(yi)> subject to y = Ax —b

z,y
’ i=1

=0Ty =Y milogp,  1Tp=1, p>0, ATp=0
= g(p) = i

—00, otherwise

Trivial reformulation may result in a different dual
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Questions?
( Email: dongshed@utk.edu )



